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Abstract
We study one loop corrections to N = 12 supersymmetric SU(N)×U(1) pure gauge theory. We calculate
divergent contributions of the 1PI graphs that contain the non-anti-commutative parameter C up to one
loop corrections. We find that the disagreement between component formalism and superspace formalism
is because of the field redefinition in component case. We modify gaugino field redefinition and lagrangian.
We show that extra terms of lagrangian have been generated by λ redefinition and are necessary for the
renormalisation of the theory. Finally we prove that N = 12 supersymmetric gauge theory is renormalisable
up to one loop corrections using standard method of renormalisation.
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1. Introduction
Theories defined on non-anticommutative superspace have been studied extensively during
last ten years [1,2]. Superspace in such non-anticommutative theories is a superspace whose
fermionic supercoordinates are not anti-commutative. One could construct a field theory in
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is deformed from the original theory by the non-anticommutative parameters.
Recently some renormalisability aspects of the non-anticommutative field theories have been
studied. It has been shown that non-anticommutative field theories are not power-counting renor-
malisable; however it has been discussed that they could be renormalisable if some additional
terms had been added to the lagrangian in order to absorb divergences to all orders [3–8].
The renormalisability of non-anticommutative versions of the Wess–Zumino model has been
discussed [3,4], with explicit computations up to two loops [5]. The renormalisability of non-
anticommutative gauge theory with N = 12 supersymmetry has been studied in [6,8]. The authors
in [6] show that the theory is renormalisable to all orders of perturbation theory. The conditions
of the renormalisability of non-anticommutative (NAC) field theories have been studied with
explicit computations up to one and two loops [9–16].
The renormalisability of supersymmetric gauge field theories has been discussed in WZ gauge
[6,7]. The explicit one loop corrections in component formalism have been done in [9–11]. The
authors in [10,11] have claimed the precise form of the lagrangian is not preserved by renor-
malisation. They have shown by explicit calculation that there are problems with assumption
of gauge invariance which is required to rule out some classes of divergent structure in non-
anticommutative theory. From their calculation, one can see that even at one loop divergence
non-gauge-invariant terms are generated. In order to remove the non-gauge-invariant terms and
restore gauge invariance at one loops they introduce a one loop divergent field redefinition in the
case of pure N = 12 supersymmetry (i.e. no chiral matter).
On the other hand, the authors in [12,13] have started from superspace formalism and dis-
cussed renormalisability and supergauge invariance. They have proved that the field redefinition
is not necessary and the original effective action is not only gauge but also supergauge invariant
up to one loop corrections. The disagreement between two approaches put a big question mark
which approaches we should rely on in N = 12 supersymmetric gauge theory.
In this paper we investigate the renormalisability of N = 12 supersymmetric pure gauge the-
ory at one-loop perturbative corrections in component formalism. We shall show that N = 12
supersymmetric gauge theory is renormalisable in a usual manner without any needs for field
redefinition (there is not theoretical justification or interpretation for the field redefinition as
mentioned by authors [10]) which leads to the lagrangian change. Therefore we shall prove that
two approaches lead to the same conclusion.
The paper is organised as follows: first we briefly review NAC supersymmetric gauge theories
and their lagrangian. Then an explicit one-loop calculation of three and four-point functions
of the theory in the C-deformed sector is carried out to calculate corrections. We show some
anomaly terms appears in the 1PI functions which spoil the renormalisability of theory. Next
we introduce extra terms to the original lagrangian in order to renormalise NAC pure gauge
supersymmetric theory and calculate corrections which come from these new terms. Finally we
discus the source of the extra lagrangian, and show that these new terms have hidden because of
the component λ redefinition [1,17], so in order to reproduce them one should reverse gaugino
field redefinition.
2. The pure gauge supersymmetric action of NAC gauge theory
The original non-anti-commutative theory defined in superfields appears to require a U(N)
gauge group. Here, at first we would like to consider U(N) gauge theory for non-(anti)commuta-
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by:
S =
∫
d4x
[
Tr
{
−1
2
FμνFμν − 2iλ¯σ¯ μ(Dμλ) + D2
}
− 2igCμν Tr{Fμνλ¯λ¯} + g2|C|2 Tr
{
(λ¯λ¯)2
}]
, (1)
where
Fμν = ∂μAν − ∂νAμ + ig[Aμ,Aν],
Dμλ = ∂μλ + ig[Aμ,λ], (2)
and
Aμ = AAμRA, λ = λARA, D = DARA. (3)
Corresponding to any index a for SU(N) we introduce the index A = (0, a), so that A runs from
0 to N2 −1 with RA being the group matrices for U(N) in the fundamental representation. These
satisfy[
RA,RB
]= if ABCRC, {RA,RB}= dABCRC, (4)
where f ABC is completely antisymmetric, f abc is the same as for SU(N) and f 0bc = 0, while
dABC is completely symmetric; dabc is the same as for SU(N), d0bc = √2/Nδbc , d00c = 0 and
d000 = √2/N . In particular, R0 =
√
1
2N 1. We have also
T r
{
RARB
}= 1
2
δAB. (5)
The following identities hold in U(N) group and will be extensively used below
f ABLf LCD + f ACLf LDB + f ADLf LBC = 0, (6)
f ABLdLCD + f ACLdLDB + f ADLdLBC = 0, (7)
f ADLf LBC = dABLdLCD − dACLdLDB, (8)
f IAJ f JBKf KCI = −N
2
f ABC, (9)
dIAJ f JBKf KCI = −N
2
dABCdAcBcC, (10)
where dA = 1 + δ0A, cA = 1 − δ0A.
Upon substituting the above relations in Eq. (1), we obtain the action in the U(N) case in the
form:
S =
∫
d4x
[
−1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ)A +
1
2
DADA
− 1
2
igdABCCμνFAμνλ¯
Bλ¯C + 1
8
g2dABEdCDE|C|2(λ¯Aλ¯B)(λ¯Cλ¯D)
]
,
(11)
with gauge coupling g, gauge field Aμ and gaugino λ.
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FAμν = ∂μAAν − ∂νAAμ − gf ABCABμACν ,
Dμλ
A = ∂μλA − gf ABCABμλC, (12)
Cμν is related to the non-anticommutativity parameter Cαβ by:
Cμν = Cαβ	βγ σμν γα (13)
also, we have:
Cαβ = 1
2
	αγ σμν βγ Cμν, (14)
where
σμν βα =
1
4
(
σμαρ˙ σ¯
νρ˙β − σναρ˙ σ¯ μρ˙β
)
, (15)
σ¯
μνα˙
β˙
= 1
4
(
σ¯ μα˙ρσ νρβ˙ − σ¯ να˙ρσμρβ˙
)
. (16)
The useful identity is:
|C|2 = CμνCμν. (17)
There are some properties of C in Appendix A. In above equations, Cαβ is the non-anti-
commutativity parameter, and our conventions are consistent with Ref. [1]. The action for pure
N = 12 supersymmetric gauge theory (Eq. (11)) is invariant under the standard U(N) gauge
transformations and the N = 12 supersymmetry transformations. The standard U(N) version
of the NAC gauge theory is not renormalisable [1]. Therefore, we would like to present an
SU(N) × U(1) lagrangian which has N = 12 supersymmetric properties, so we introduce the
following action:
S =
∫
d4x
[
−1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ)A +
1
2
DADA
− 1
2
iγ ABCdABCCμνFAμνλ¯
Bλ¯C + 1
8
γ ABCDEdABEdCDE |C|2(λ¯Aλ¯B)(λ¯Cλ¯D)
]
.
(18)
One beauty of the above equation is one could easily switch between the original U(N) theory
and SU(N) × U(1) theory. In our work we define γ abcde = γ0, γ abcd0 = γ1, γ 0b0de = γ a0c0e =
γ 0bc0e = γ a00de = γ2. Indeed we give them in terms of g and g0. They are given by:
γ abc = g, γ ab0 = γ a0b = g0, γ 0ab = g
2
g0
, (19)
γ0 = g2, γ1 =
(
g2
g0
)2
, γ2 = g20h, (20)
where h = 1. The above action is similar to the SU(N) × U(1) action in Ref. [11].
The N = 1/2 supersymmetry transformation is:
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δλAα = i	αDA +
(
σμν	
)
α
[
FAμν +
1
2
iCμνγ
ABCdABCλ¯Bλ¯C
]
, δλ¯Aα˙ = 0, (22)
δDA = −	σμDμλ¯A. (23)
3. One-loop corrections
In our calculation, we use standard gauge fixing term
Sgf = 12α
∫
d4x (∂.A)2 (24)
and consider the Feynman rules in the super-Fermi–Feynman gauge (α = 1).
In this section we first review the one-loop perturbative corrections to the undeformed N = 1
part of the theory. It has been shown that the quantum corrections of N = 1 part of the theory are
not affected by C-deformation [9,10]. Therefore, gauge field and gaugino anomalous dimensions
and gauge β-functions are the same as those in the ordinary N = 1 case. The C-independent part
of the bare action can be written as:
SC=0 =
∫
d4x
[
−1
4
Fμν AFAμν − iλ¯Aσ¯ μ∂μλA + igf ABCλ¯Aσ¯μABμλC +
1
2
DADA
]
. (25)
The C-independent part of the action is renormalisable if one introduce bare fields and couplings
according to:
ABμ = Z
1
2
AAμ, λB = Z
1
2
λ λ, gB = Zgg, (26)
that ZA, Zλ and Zg are known as renormalisation constants. Also one can define:
δ1 = ZA − 1, δ2 = Zλ − 1, δ3 = ZgZ
1
2
AZλ − 1, (27)
finally, one should add the following counter-terms to the lagrangian of theory in order to renor-
malise theory:
Lcounter-terms = −14δ1F
μν AFAμν − iδ2λ¯Aσ¯ μ∂μλA + δ3igf ABCλ¯Aσ¯μABμλC, (28)
where,
ZA = 1 + 2NL, Zλ = 1 − 2NL, Zg = 1 − 3NL, (29)
and L is given by:
L = g
2
16π2ε
. (30)
Here ε = 4 − D is the regulator.
(We have given here the renormalisation constants corresponding to the SU(N) sector of the
U(N) theory; those for the U(1) sector, namely Zλ0 , ZA0 , Zg0 are given by omitting the terms
in N and replacing g by g0.)
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Fig. 2. 1PI three point function diagrams with one gauge, two gaugino lines; the black circle represents the positions of
NAC parameter C.
3.1. One-loop C deformed corrections
In this part we will present on-loop graphs contributing to the new terms arising from
C-deformed part of the action. The one-loop one-particle-irreducible (1PI) graphs of the
C-deform Aλ¯λ¯ three point functions are depicted in Fig. 2. Using Feynman rules one could
compute the divergent contributions from the graphs. As an example we calculate the one loop
corrections to Fig. 1 (Fig. 2(a)). It is given by:
Γ μα˙β˙a = −g2γ AJI dAJI f BDJ f CDICμν	γ˙ δ˙(p1 + p2)ν σ¯ r α˙γ σ¯ t β˙δσmγ γ˙ σ nδδ˙ grt
×
∫
ddk
(2π)d
(p1 − k)k(p2 + k)λ
k2(p1 − k)2(p2 + k)2 . (31)
Using Feynman parameter in Appendix B:
1
abc
= 2
1∫
0
dx
1∫
0
dy
x
[axy + bx(1 − y) + c(1 − x)]3 , (32)
we can simplify denominator of Eq. (31)
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k2(p1 − k)2(p2 + k)2
= 2
1∫
0
dx
1∫
0
dy
x
[k2 + 2k.[p1x(y − 1) + p2(1 − x)] + p21x(1 − y) + p22(1 − x)]3
. (33)
By changing variables to
k′ = k + p1x(y − 1) + p2(1 − x),
the denominator of integral in Eq. (31) is given by:
1
k2(p1 − k)2(p2 + k)2 = 2
1∫
0
dx
1∫
0
dy
x
[k2 − Δ]3
where
Δ = [p1x(2y − 1) + 2p2(1 − x)]2
so, the integral of Eq. (32) is given by:
2
1∫
0
dx
1∫
0
dy
∫
ddk
(2π)d
x(p1 − k)k(p2 + k)λ
[k2 − Δ]3 (34)
then we arrive:
2
1∫
0
dx
1∫
0
dy
∫
ddk
(2π)d
−kkkλ
[k2 − Δ]3 =
−igkλ
32π2ε
(35)
we finally have for Eq. (31):
Γ μα˙β˙a = 4iNLγABCdABCdAcBcC	α˙β˙Cμρ(p1 + p2)ρ. (36)
Moreover, as it be seen in Fig. 1, we have momentum–energy conserving in the loop:
qν = (p1 + p2)ν.
The divergent contributions up to one loop correction to diagrams in Fig. 2 are given by:
Γ
(1)μα˙β˙
2−a = 4iNLγABCdABCdAcBcC	α˙β˙Cμνqν,
Γ
(1)μα˙β˙
2−b = iNLγABCdABCcAdBcC
[
1
2
	α˙β˙Cμνqν + 13
(
Yμν
)α˙β˙
(p1 − p2)ν
]
+ one permutation,
Γ
(1)μα˙β˙
2−c =
1
4
iNLγABCdABCcAdBcC
[
	α˙β˙Cμν(4p1 + 5p2)ν − 23
(
Yμν
)α˙β˙
(2p1 + 7p2)ν
]
+ one permutation,
Γ
(1)μα˙β˙
2−d = −3iNLγABCdABCcA	α˙β˙Cμνqν,
Γ
(1)μα˙β˙
2−e = −
1
2
iNLγABCdABCcAdBcC
[
	α˙β˙Cμν − 2(Yμν)α˙β˙]p2ν
+ one permutation. (37)
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Yμν has been defined,
(
Yμν
)α˙β˙ = 	α˙θ˙Cμρgρλ(σ¯ λν)β˙θ˙ , (38)
where tensor Yμν is symmetric respect to both Lorentz and spinor indices and tensor Cμν is anti-
symmetric. In our computation permutations have taken into account by changing the position of
C as well as symmetry factors. Adding the different divergent contributions from the diagrams
of Fig. 2 corresponding to different U(1) and SU(N) parts, we have:
Σei=aΓ
(1)μα˙β˙
2−i =
15
4
iNLγ abcdabc	α˙β˙Cμνqν + 8iNLγ 0bcd0bc	α˙β˙Cμνqν
− 1
2
iNLγ a0cda0c	α˙β˙Cμνp2ν − 12 iNLγ
ab0dab0	α˙β˙Cμνp1ν
+ 1
2
iNLγ abcdabc
(
Yμν
)α˙β˙
(p1 − p2)ν
− iNLγ a0cda0c(Yμν)α˙β˙p2ν + iNLγ ab0dab0(Yμν)α˙β˙p1ν . (39)
Let us now continue with the relevant diagrams containing only C-deformed vertex and con-
tributing to the four point functions (Fig. 3 and Fig. 4). Using the Feynman rules, and considering
all permutations between the same fields, the final result for 1PI graphs of Fig. 3 are given by:
Γ
(1)μνα˙β˙
3−a = NLg
[
γ EABdABEf CDE − γ CDEf ABEdCDE]dAcBcCcD
×
[
1
	α˙β˙Cμν − 1 (Yμν)α˙β˙
]
+ three permutations,4 6
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Γ
(1)μνα˙β˙
3−b = NLg
[
γ EACdACEf BDE + γ BDEf ACEdBDE]dAcBcCcD
×
[
1
8
	α˙β˙Cμν − 1
4
(
Yμν
)α˙β˙]+ one permutation,
Γ
(1)μνα˙β˙
3−c = 2NLgγEABdABEf CDEcAcB	α˙β˙Cμν,
Γ
(1)μνα˙β˙
3−d = NLg
[
γ EADdADEf BCE + γ BCEf ADEdBCE]dAcBcCcD
×
[
1
8
	α˙β˙Cμν − 5
12
(
Yμν
)α˙β˙]+ one permutation,
Γ
(1)μνα˙β˙
3−e = −NLg
[
γ EABdABEf CDE − γ CDEf ABEdCDE]dAcBcCcD
×
[
1
4
	α˙β˙Cμν + 7
12
(
Yμν
)α˙β˙]+ three permutations,
Γ
(1)μνα˙β˙
3−f = NLg
[
γ EABdABEf CDE + γ CDEf ABEdCDE]dAcBcCcD
×
[
3
16
	α˙β˙Cμν − 3
8
(
Yμν
)α˙β˙]+ one permutation,
Γ
(1)μνα˙β˙
3−g = NLg
[
3
8
γ EABdABEf CDEdAcB	α˙β˙Cμν
+ 1
4
γ CDEf ABEdCDEcCcD
(
Yμν
)α˙β˙]+ one permutation,
Γ
(1)μνα˙β˙
3−h = −
3
2
NLgγEABdABEf CDE	α˙β˙Cμν,
Γ
(1)μνα˙β˙
3−i =
3
4
NLgγEABdABEf CDE	α˙β˙Cμν. (40)
Considering all diagrams the final result for Fig. 3 is given by:
Σii=aΓ
(1)μνα˙β˙
3−i =
11
4
NLgγ eabdabef cde	α˙β˙Cμν + Ngγ ea0da0ef cde	α˙β˙Cμν
+ 1
2
NLgγ ecddcdef abe
(
Yμν
)α˙β˙
. (41)
Finally, the final divergence contributions (Fig. 4) which come from the last term containing
|C|2(λ¯λ¯)2 are given by:
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(1)α˙β˙δ˙γ˙
4−a = iL	α˙β˙	δ˙γ˙ |C|2
[
Nγ0d
abedcde + 2γ0dabcd + 4γ1
]
,
Γ
(1)α˙β˙δ˙γ˙
4−b = iL	α˙β˙	δ˙γ˙ |C|2
[
N
2
γ0d
abedcde − 2γ2
]
,
Γ
(1)α˙β˙δ˙γ˙
4−c = iL	α˙β˙	δ˙γ˙ |C|2
[
−N
2
γ0d
abedcde + 2γ2
]
,
Γ
(1)α˙β˙δ˙γ˙
4−d = iL	α˙β˙	δ˙γ˙ |C|2
[
−2γ0dabcd + 13
(
d˜abcd − d˜acdb)+ 3γ2
]
. (42)
Note that we have considered all permutations between the same fields and changing the position
of C and |C|2, and added all divergences come from Fig. 4. The final result for 1PI graphs of
Fig. 4 is given by:
Σdi=aΓ
(1)α˙β˙δ˙γ˙
4−i =
5
4
iNLγ0	
α˙β˙	δ˙γ˙ dabedcde|C|2 + 4iLγ1	α˙β˙	δ˙γ˙ |C|2
+ 3iLγ2	α˙β˙	δ˙γ˙ |C|2. (43)
In order to renormalise the theory and remove divergences one should rescale and redefine
coupling constants. This procedure is equivalent to introduce of some counter-terms to the la-
grangian. Therefore, we introduce bare couplings according to:
C
μν
B = ZCCμν, |C|2B = Z|C|2 |C|2, (44)
γ ABCB = ZγABCγ ABC, γ ABCDEB = ZγABCDEγ ABCDE. (45)
However in the language of counter-terms, a theory is renormalisable if the counter-terms are
of the same form as those appearing in the original lagrangian (these counter-terms are required
to cancel divergences). If we look at three and four point functions we see that the anomaly terms
γ ABCdABC
(
Yμν
)α˙β˙
, gγ ECDdCDEf ABE
(
Yμν
)α˙β˙
called Y terms are problematic because we cannot add some kinds of counter-terms which cancel
Y terms, or one can say these terms spoil renormalisation. In the next section we add some extra
lagrangian to the theory and prove that the NAC pure gauge theory is renormalisable.
4. Renormalisation of N = 12 deformed lagrangian
In this section we shall renormalise the theory and remove divergences. In order to renormalise
the theory we should add extra term (LExtra) to the original lagrangian. The extra lagrangian is
considered as follow:
LExtra = + i16d
ABCκBACCμν
(
∂μA
A
ν − ∂νAAμ
)
λ¯B λ¯C
− i
4
gκEDBdBDEf ACECμνACμA
D
ν λ¯
Aλ¯B
+ i
4
κBACdABCAAμ
(
∂νλ¯
BYμνλ¯C − λ¯BYμν∂νλ¯C
)
+ i
2
gκEDBf ACEdBDEACμA
D
ν λ¯
AYμνλ¯B. (46)
The two last terms in Eq. (46) help us to make renormalisable NAC U(N) gauge theory, the first
two terms are needed because of gauge transformation rules. These terms are absent from the
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the above terms to original lagrangian, the total lagrangian is given by:
Ltotal = Loriginal + LExtra. (47)
Since we add some terms to original lagrangian, we have to modify the gauge transformation and
SUSY transformation. It is easy to show that Ltotal is preserved under following gauge transfor-
mation in U(N) group:
δφA
A
μ = −2∂μφA − f ABCφBACμ, (48)
δφλ¯
A
α˙ = −f ABCφBλ¯Cα˙ , (49)
δφλ
A
α = −f ABCφB −
1
2
κABCdABCCμνσναα˙∂μφ
Bλ¯α˙C, (50)
δφD
A = −f ABCφBDC, (51)
where κABC is considered as arbitrary coupling which depends on A, B , C values. The gauge
transformation is not canonical because the transformation of λ depends on the non-anti-
commutative parameter C. However, the SUSY transformation does not change except
δλAα = i	αDA +
(
σμν	
)
α
[
FAμν +
1
2
iCμν
(
γ ABC + 1
2
κABC
)
dABCλ¯Bλ¯C
]
.
So yet we can refer to Eqs. (21)–(23). In our work in order to renormalise the NAC SU(N)×U(1)
gauge theory, we choose
κABC = ξγ BACcAcBdC (52)
here ξ is considered as a coefficient. Then the extra lagrangian is given by:
LExtra = i16κ1d
abcCμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯c − i
8
κ1gf
cdedabeCμνAcμA
d
ν λ¯
aλ¯b
+ i
4
κ1d
abc
(
∂μλ¯
bYμνλ¯c − λ¯bYμν∂μλ¯c
)
Aaν −
i
4
κ1gf
abedcdeAcμA
d
ν λ¯
aYμνλ¯b
+ i
16
κ3d
ab0Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯0 + i
4
κ3d
ab0(∂μλ¯bYμνλ¯0 − λ¯bYμν∂μλ¯0)Aaν
− i
4
κ3gf
cded0beCμνAcμA
d
ν λ¯
0λ¯b, (53)
where
κ1 = κabc = ξγ abc, κ3 = κab0 = 2ξγ ab0, κ0ab = κa0b = 0. (54)
In according to Eq. (46), the Y terms leads to new interactions hence, we have to consider
new vertices in 1PI graphs. It means we display these interactions that have been hidden. So, we
should calculate 1PI diagrams considering new vertices or we should modify vertices. Finally,
we find that theory is renormalisable.
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In this case the new action is given by:
Stotal =
∫
d4x
[
−1
4
FμνAFAμν − iλ¯Aσ¯ μ(Dμλ)A +
1
2
DADA
− 1
2
idABCγ ABCCμνFAμνλ¯
Bλ¯C
+ 1
8
|C|2dABEdCDEγABCDE(λ¯Aλ¯B)(λ¯Cλ¯D)+ LExtra
]
. (55)
We have to calculate new (1PI) diagrams contributing to the new terms (those contain-
ing both parameters C and Y ) which are depicted in Figs. 5 and 6. The results for the new
graphs contributing to the new interaction terms in Eq. (53) are the same as the C terms so
we shall not give detailed results. For example in order to calculate Fig. 5(a), we should only
change the NAC vertex iγ AJI dAJICμν	γ˙ δ˙(p1 + p2)ν in Eq. (31) to − i8κJAI dAJICμν	γ˙ δ˙qν +
i
4κ
JAI dAJI (Yμν)γ˙ δ˙(p1 − p2 − 2k)ν .
The result for the graphs in Fig. 5(a) is given by:
Γ
(1)μα˙β˙
5−a-Extra =
i
4
NLκBACdABCdAcBcC	α˙β˙Cμνqν. (56)
Beside, the total divergent contribution for new graphs in Fig. 5 is given by:
Γ
(1)μα˙β˙
1PI-Extra graph = −
i
2
NLκabcdabc	α˙β˙Cμνqν + iNLκabcLdabc
(
Yμν
)α˙β˙
(p1 − p2)ν . (57)
In order to obtain divergent contribution for 1PI graphs with both C and Y parameters, one
should add results of Eq. (39) and Eq. (56)
Γ
(1)μα˙β˙
1PI-total =
(
−1
2
κabc + 15
4
γ abc
)
iNLdabc	α˙β˙Cμνqν + 8γ 0bciNLd0bc	α˙β˙Cμνqν
− 1
2
γ a0cNLda0c	α˙β˙Cμνqν − 12γ
ab0NLdab0	α˙β˙Cμνqν
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+
(
κabc + 1
2
γ abc
)
iNLdabc
(
Yμν
)α˙β˙
(p1 − p2)ν
− γ a0ciNLda0c(Yμν)α˙β˙p2ν + γ ab0iNLdab0(Yμν)α˙β˙p1ν . (58)
There are new graphs (Fig. 6) for one loop corrections of the four point function. The total
contributions as different SU(N) × U(1) parts corresponds to Fig. 5 are given by:
Γ
μνα˙β˙
1PI-Extra graphs = −
3
4
NLκedbgdabef cde	α˙β˙Cμν − 1
2
NLκed0gd0def ace	α˙β˙Cμν
+ 3
2
NLκecdgdcdef abe
(
Yμν
)α˙β˙
. (59)
Then, the total four point 1PI divergent contribution is given by:
Γ
μνα˙β˙
1PI-total =
(
3κ1 + 114 γ
eab
)
NLgdabef cde	α˙β˙Cμν + γ ea0NLgda0ef cde	α˙β˙Cμν
− 1
2
κ3NLgd
0bef cde	α˙β˙Cμν +
(
3
2
κ1 + 12γ
ecd
)
NLgdcdef abe
(
Yμν
)α˙β˙
.
(60)
Fortunately, new terms does not effect on four point function containing |C|2(λ¯λ¯)2. In order to
compute counter terms we should decompose the lagrangian to the SU(N)×U(1) parts because
some interaction terms such as term which correspond to (U(1))3 receive no quantum correc-
tions. It is given by:
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abc
(
γ abc − 1
8
κ1
)
Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯c
− 1
2
id000
(
γ 000 − 0)Cμν(∂μA0ν − ∂νA0μ)λ¯0λ¯0
− 1
2
ida0c
(
γ a0c − 0)Cμν(∂μAaν − ∂νAaμ)λ¯0λ¯c
− 1
2
idab0
(
γ ab0 − 1
8
κ3
)
Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯0
− 1
2
id0bc
(
γ 0bc − 0)Cμν(∂μA0ν − ∂νA0μ)λ¯bλ¯c
+ 1
2
ig
(
γ eab − 1
4
κ1
)
dabef cdeCμνAcμA
d
ν λ¯
aλ¯b
+ 1
2
ig
(
γ e0b − 1
2
κ3
)
d0bef cdeCμνAcμA
d
ν λ¯
0λ¯b
+ 1
2
ig
(
γ ea0 − 0)da0ef cdeCμνAcμAdν λ¯aλ¯0
+ 1
8
γ0|C|2dabedcde
(
λ¯aλ¯b
)(
λ¯cλ¯d
)
+ 1
4N
γ1|C|2
(
λ¯aλ¯a
)(
λ¯bλ¯b
)+ 1
N
γ2|C|2
(
λ¯aλ¯a
)(
λ¯0λ¯0
)
+ i
4
κ1d
abcAaμ
(
∂νλ¯
bYμνλ¯c − λ¯bYμν∂νλ¯c
)
+ i
4
κ3d
ab0Aaμ
(
∂νλ¯
bYμνλ¯0 − λ¯bYμν∂νλ¯0
)
− i
4
κ1gf
abedcdeAcμA
d
ν λ¯
aYμνλ¯b. (61)
The C- and Y -dependent parts of the action are renormalisable if one introduces bare fields and
couplings according to Eqs. (26) and Eqs. (44), (45) as well as:
Y
μν
B = ZYYμν, κABCB = ZξZγBACκABC. (62)
Then in order to find some counter terms we have to introduce the following identities:
ZγabcZCZ
1/2
A Zλ = δ01 + 1, Zκ1ZCZ1/2A Zλ = δ1 + 1,
Zγ 000ZCZ
1/2
A0
Zλ0 = δ02 + 1,
Zγ a0cZCZ
1/2
A Z
1/2
λ Z
1/2
λ0
= δ03 + 1,
Zγ ab0ZCZ
1/2
A Z
1/2
λ Z
1/2
λ0
= δ04 + 1, Zκ3ZCZ1/2A Z1/2λ Z1/2λ0 = δ4 + 1,
Zγ 0bcZCZ
1/2
A0
Zλ = δ05 + 1,
ZgZγ abcZCZAZλ = δ06 + 1, ZgZκ1ZCZAZλ = δ6 + 1,
ZgZγ e0bZCZAZ
1/2
λ0
Z
1/2
λ = δ07 + 1, ZgZκ3ZCZAZ1/2λ0 Z
1/2
λ = δ7 + 1,
ZgZγ ea0ZCZAZ
1/2
λ Z
1/2
λ0
= δ08 + 1,
Zγ 0Z|C|2Z2 = δ09 + 1, Zγ 1Z|C|2Z2 = δ010 + 1,λ λ
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Zκ1ZYZ
1/2
A Zλ = δ12 + 1, Zκ3ZYZ1/2A Z1/2λ Z1/2λ0 = δ13 + 1,
ZgZκ1ZYZAZλ = δ14 + 1. (63)
Adding the following counter-term terms to the part of the total action and comparing the ex-
pression with the bare action, the theory should be renormalisable. The full C dependent part of
the action can be written as:
S =
∫
d4x
[
−1
2
idabc
(
γ abc(1 + δ01) − 18κ1(1 + δ1)
)
Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯c
− 1
2
id000
(
γ 000(1 + δ02) − 0
)
Cμν
(
∂μA
0
ν − ∂νA0μ
)
λ¯0λ¯0
− 1
2
ida0c
(
γ a0c(1 + δ03) − 0
)
Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯0λ¯c
− 1
2
idab0
(
γ ab0(1 + δ04) − 18κ3(1 + δ4)
)
Cμν
(
∂μA
a
ν − ∂νAaμ
)
λ¯bλ¯0
− 1
2
id0bc
(
γ 0bc(1 + δ05) − 0
)
Cμν
(
∂μA
0
ν − ∂νA0μ
)
λ¯bλ¯c
+ 1
2
ig
(
γ eab(1 + δ06) − 14κ1(1 + δ6)
)
dabef cdeCμνAcμA
d
ν λ¯
aλ¯b
+ 1
2
ig
(
γ e0b(1 + δ07) − 12κ3(1 + δ7)
)
d0bef cdeCμνAcμA
d
ν λ¯
0λ¯b
+ 1
2
ig
(
γ ea0(1 + δ08) − 0
)
da0ef cdeCμνAcμA
d
ν λ¯
aλ¯0
+ 1
8
(1 + δ09)γ0|C|2dabedcde
(
λ¯aλ¯b
)(
λ¯cλ¯d
)
+ 1
4N
(1 + δ010)γ1|C|2
(
λ¯aλ¯a
)(
λ¯bλ¯b
)+ 1
N
(1 + δ011)γ2|C|2
(
λ¯aλ¯a
)(
λ¯0λ¯0
)
+ i
4
(1 + δ12)κ1dabcAaμ
(
∂νλ¯
bYμνλ¯c − λ¯bYμν∂νλ¯c
)
+ i
4
(1 + δ13)κ3dab0Aaμ
(
∂νλ¯
bYμνλ¯0 − λ¯bYμν∂νλ¯0
)
− i
4
(1 + δ14)κ1gf abedcdeAcμAdν λ¯aYμνλ¯b
]
, (64)
where in order to renormalise the C-dependent part of the action we have to obtain the values of
δi by solving the following equations:
Γ
(1)μα˙β˙
1PI-total + Γ μα˙β˙C.T = 0, (65)
Γ
(1)μνα˙β˙
1PI-total + Γ μνα˙β˙C.T = 0, (66)
Γ
(1)α˙β˙δ˙γ˙
1PI-total + Γ α˙β˙δ˙γ˙C.T = 0, (67)
where ΓC.T s come from counter terms (Appendix E). Then, using Zg , ZA, Zλ for SU(N) sector,
and Zg , ZA0 , Zλ0 for U(1) sector, we obtain the renormalisation constants as:0
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(1)
ξ = −
2
ξ
NL, Z
(1)
h = −NL. (68)
As it is understood because ξ is renormalised, so κABC should be renormalised. Moreover we
obtain
ZC = ZY = Z|C|2 = 1, (69)
(ZC)
2 = Z|C|2 = 1. (70)
It is found that our result is compatible with Refs. [11,13]. Of course a natural expectation would
be that ZC = ZY , because of Eq. (36) we know that Y ∝ C.
We demonstrate that the theory is renormalisable and the N = 12 supersymmetric as well
as NAC SU(N) × U(1) pure gauge theory is preserved. This point also has been concluded in
Ref. [11] and suggested in Ref. [6], where was supposed to be correct to all orders. We also arrive
at the conclusion that it is not needed to renormalise the non-anti-commutativity parameter C.
Beside our full lagrangian is the same form as derived from non-anti-commutative superspace,
however ZκABC and ZγABC depends on whether A,B,C are SU(N) indices or U(1) indices. It
seems to imply that the renormalised theory is not U(N) non-anti-commutative theory any more.
Because the U(N) structure is broken by renormalisation.
In order to clarify LExtra we redefine the component λ as
λA → λA − 1
4
κABCdABCCμνABμσνλ¯
C. (71)
Then, put it in Eq. (18), and obtain Eq. (55) (in other words Ltotal is result of λ redefinition
in Loriginal). The λ redefinition just affects the gaugino kinetic term. Our redefinition is oppo-
site to Refs. [1,17]. They have redefined λ in order to make gauge transformations be canonical;
however it causes theory unrenormalisable because in that case some terms have been hidden in
the lagrangian. In order to reverse process we should add hidden terms by hand or come back to
original definition of λ Eq. (71); however we lose gauge canonical transformation. Beside, be-
cause κABC is obtained renormalised, the redefinition of λA is called λˆA should be renormalised.
Finally divergent field redefinition in Ref. [11] is reinterpreted as renormalised λˆA. Our results
show it is not needed to deform the classical action if one does not use the field redefinition of
Ref. [1].
5. Conclusion
We have compute 1PI corrections for the pure N = 12 supersymmetric SU(N) × U(1) gauge
theory at one loop order. We have proved that the theory is renormalisable up to one loop order
using a standard way of renormalisation if one adds some new terms to the original lagrangian.
We have shown that it is possible to interrupt these hidden terms because of λ redefinition. It is
worth to investigate if it is possible to show that the problems which arise in renormalisation of
N = 12 supersymmetric theories come from the redefined vector superfield.
We have shown that there is not need to define divergent redefinition of λ. Moreover we sug-
gest all works which have been done based on divergent field redefinition should be reviewed.
We have used the N = 12 U(N) gauge group action because as discussed in [18], just non-anti-
commutative theory with U(N) gauge group is well-defined. Moreover it is worth to investigate
the renormalisation of theory at higher loops or including chiral matter in the standard form
of renormalisation method. We guess the problem of renormalisation of non-anti-commutative
theory at component formalism is because of λ redefinition in [1].
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Appendix A. New algebra for non commutative parameters C and Y
We have found the new properties for C and Y parameters that we have made frequent use in
our calculations. Cμν is related to the non-anti-commutativity parameter Cαβ by:
Cμν = Cαβ	βγ σμν γα (72)
also, we have:
Cαβ = 1
2
	αγ σμν βγ Cμν, (73)
where
Cμνσναβ˙ = 	αβCβγ σμγ β˙ , (74)
Cμνσ¯ α˙βν = Cβα	αγ σ¯ μα˙γ (75)
we have used the following notations:
Cαγ 	γβ = Cαβ, (76)
	βγ C
γα = Cβα, (77)
Cαβ = −
(
Cβ
α
)T
, (78)
where in last equation the symbol of T is used for transposed. Also for Y parameter we have:
(
Yμν
)α˙
θ˙
= Cμρgρλ
(
σ¯ λν
)α˙
θ˙
, (79)
(
Yμν
)α˙
θ˙
(Yμν)
β˙
γ˙ =
1
4
[
δα˙
θ˙
δ
β˙
γ˙ − 2δα˙γ˙ δβ˙θ˙
]|C|2, (80)
Tr
[|Y |2]= −3
2
|C|2, (81)
(
Yμν
)α˙
θ˙
σνγ γ˙ = 12
[−2Cαθ σ¯μα˙θ 	αγ 	θ˙ γ˙ + Cγ θσ r θγ˙ δα˙θ˙
]
, (82)
(
Yμν
)α˙
θ˙
σ¯ν
γ˙ γ = 1
2
Cγ θ
[−2σ¯ μα˙θ δγ˙
θ˙
+ σ¯ μγ˙ θ δα˙
θ˙
]
, (83)
(
Yμν
)α˙
θ˙
σ¯μ
γ˙ γ σνδδ˙ = Cγ δ
[
2	α˙γ˙ 	θ˙ δ˙ + δγ˙δ˙ δα˙θ˙
]
, (84)
(
Yμν
)α˙
θ˙
(σ¯νμ)
β˙
δ˙
= 0, (85)
(
Yμν
)α˙
θ˙
gμν = 0, (86)(
Yμν
)α˙
α˙
= 0 (Y is traceless). (87)
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1
ab
=
1∫
0
dx
1
[(1 − x)b + xa]2 , (88)
1
anb
= n
1∫
0
dx
xn−1
[(1 − x)b + xa]n+1 , (89)
1
abc
= 2
1∫
0
dx
1∫
0
dy
x
[axy + bx(1 − y) + c(1 − x)]3
= 2
1∫
0
du
1−u∫
0
dw
1
[aw + b(1 − u − w) + cu]3 , (90)
1
a1a2 . . . an
= (n − 1)!
1∫
0
dxn dxn−1 . . . dx2
× x
n−2
n x
n−3
n−1 . . . x13x
0
2
[(1 − xn)an + xn[(1 − xn−1)an−1 + xn−1[. . . + x3[(1 − x2)a2 + x2a1]] . . .]n .
(91)
Appendix C. The d dimensional integrals in Minkowski space
∫
ddl
(2π)d
1
[l2 − Δ]n =
(−1)ni
(4π)
d
2
Γ (n − d2 )
Γ (n)
(
1
Δ
)n− d2
, (92)
∫
ddl
(2π)d
l2
[l2 − Δ]n =
(−1)n−1i
(4π)
d
2
d
2
Γ (n − d2 − 1)
Γ (n)
(
1
Δ
)n− d2 −1
, (93)
∫
ddl
(2π)d
lμlν
[l2 − Δ]n =
(−1)n−1i
(4π)
d
2
gμν
2
Γ (n − d2 − 1)
Γ (n)
(
1
Δ
)n− d2 −1
, (94)
∫
ddl
(2π)d
(l2)2
[l2 − Δ]n =
(−1)ni
(4π)
d
2
d(d + 2)
4
Γ (n − d2 − 1)
Γ (n)
(
1
Δ
)n− d2 −2
, (95)
∫
ddl
(2π)d
lμlνlρlσ
[l2 − Δ]n =
(−1)ni
(4π)
d
2
Γ (n − d2 − 2)
Γ (n)
(
1
Δ
)n− d2 −2
× 1
4
(
gμνgρσ + gμρgνσ + gμσ gνρ). (96)
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Here, we collect Feynman rules would be used in order to calculate 1PI diagrams for current
theory. Propagators for each field could be as follow:
Gauge field AAμ :
− igμν
p2
.
Gaugino field λAα :
ipμσ
μ
αα˙
p2
.
Auxiliary boson field DA: this field could not be propagated.
Scalar field FA: this field could not be propagated.
Spinor field ψAα :
ipμσ
μ
αα˙
p2
.
Scalar field φA:
i
p2
.
Vertices come from each interaction in the theory, so we have some vertices as follow:
three-Gauge coupling Aaμ,Abν,Acρ with momentum k,p, q respectively:
gf abc
[
gμν(k − p)ρ + gνρ(p − q)μ + gρμ(q − k)ν],
four-Gauge coupling Aaμ,Abν,Acρ,Adσ :
−ig2[f abef cde(gμρgνσ − gμσgνρ)+ f acef bde(gμνgρσ − gμσ gνρ)
+ f adef bce(gμνgρσ − gμρgνσ )].
Gaugino λ¯Aα˙ -Gaugino λCα -Gauge ABμ vertex:
−gf ABCσ¯μα˙α.
NAC in Gauge AAμ with momentum kν -Gaugino λ¯Bα˙ -Gaugino λ¯
C
β˙
vertex:
idABCγ ABCCμν	α˙β˙kν.
NAC in Gauge ACμ -Gauge ADν -Gaugino λ¯Aα˙ -Gaugino λ¯
B
β˙
vertex:
−1
2
gdABEγ EABf CDECμν	α˙β˙ .
NAC in four Gauginos (λ¯Aα˙ λ¯
B
β˙
)(λ¯Cγ˙ λ¯
D
δ˙
) vertex:
i |C|2dABEdCDEγABCDE	α˙β˙	γ˙ δ˙ .
8
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Ltotal = LC=0 + LC + LExtra. (97)
So, Feynman rule would be:
• AAμ gauge, λ¯Bα˙ gaugino, λ¯Cβ˙ gaugino in NAC parameter C:
iCμνqν	
α˙β˙dABCγ ABC − i
8
XCμνqν	
α˙β˙dABCκBAC
+ i
4
Yμν
α˙β˙
(p1 − p2)νdABCκBAC; (98)
• ACμ gauge, ADμ gauge, λ¯Aα˙ gaugino, λ¯Bβ˙ gaugino in NAC parameter C:
1
2
gCμν	α˙β˙dABEf CDEγEAB − 1
4
gCμν	α˙β˙dBDEf ACEκEDB
+ 1
2
Yμν
α˙β˙
dBDEf ACEκEDB. (99)
Appendix E. Counter terms
We have made use from the follow counter-terms in the procedure of the renormalisation:
Γ
μα˙β˙
C.T = +idabc
(
δ01γ
abc − δ1
8
κ1
)
	α˙β˙Cμνqν + id000
(
δ02γ
000 − 0)	α˙β˙Cμνqν
+ ida0c(δ03γ a0c − 0)	α˙β˙Cμνqν + idab0
(
δ04γ
ab0 − δ4
8
κ3
)
	α˙β˙Cμνqν
+ id0bc(δ05γ 0bc − 0)	α˙β˙Cμνqν + i4δ12dabcκ1
(
Yμν
)α˙β˙
(p1 − p2)ν
+ i
4
δ13d
ab0κ3
(
Yμν
)α˙β˙
(p1 − p2)ν, (100)
Γ
μνα˙β˙
C.T =
1
2
(
δ06γ
eab − δ6
4
κ1
)
dabef cde	α˙β˙Cμν + 1
2
(
δ07γ
e0b − δ7
2
κ3
)
d0bef cde	α˙β˙Cμν
+ 1
2
(
δ08γ
ea0 − 0)da0ef cde	α˙β˙Cμν + 1
4
δ14gf
abedcdeκ1
(
Yμν
)α˙β˙
, (101)
Γ
α˙β˙δ˙γ˙
C.T =
δ09
8
iγ0	
α˙β˙	δ˙γ˙ dabedcde|C|2 + δ010
4N
iγ1	
α˙β˙	δ˙γ˙ |C|2
+ δ011
N
iγ2	
α˙β˙	δ˙γ˙ |C|2. (102)
Appendix F. U(N) group identities
f ABC = −f ACB = · · · , dABC = dACB = · · · ,
f CADfDBC = −NcAδAB,
dCADdDBC = NdAδAB,
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f DAEf EBF f FCD = −N
2
f ABC,
dDAEf EBF f FCD = −N
2
dABCdAcBcC,
f DAEdEBF dFCD = N
2
f ABC,
dIAJ f JBKf KCLf LDI = −N
4
[
dABEf CDE + f ABEdCDE]dAcBcCcD,
dABCD = Tr[FAFBDCDD]= cAcB
[
1
2
cCcD(δACδBD − δABδCD + δADδBC)
+ N
8
dCdD
(−f ABEf CDE − f ACEf BDE − dABEdCDE − dACEdBDE)
]
,
d˜abcd = Tr[FaDcFbDd], (103)
where dA = 1 + δ0A, cA = 1 − δ0A. The gauge index of U(N) runs A = 0,1, . . . ,N2 − 1 where
A = 0 corresponds to overall U(1) while A = a = 1, . . . ,N2 − 1 corresponds to SU(N). For
the simplicity of the calculation, we introduce the matrices FA and DA, whose components are
given by f ABC and dABC as
(
FA
)
BC
= f BAC, (DA)
BC
= dBAC.
Taking into account that f ABC is totally antisymmetric tensor and dABC is totally symmetric
tensor.
Appendix G. Sigma matrices
σ
μ
αα˙σ¯
β˙β
μ = −2δβα δβ˙α˙ ,
σ
μ
αα˙σμββ˙ = −2	αβ	α˙β˙ ,
σ¯ μα˙ασ¯ β˙βμ = −2	αβ	α˙β˙ ,(
σμσ¯μ
)β
α
= −4δβα ,(
σ¯ μσμ
)α˙
β˙
= −4δα˙
β˙
,
(
σμσ¯ ν
)β
α
= 2(σμν)β
α
− gμνδβα ,(
σ¯ μσ ν
)α˙
β˙
= 2(σ¯ μν)α˙
β˙
− gμνδα˙
β˙
,
(
σμν
)β
α
(σμν)
κ
ρ = 2δκαδβρ − δβα δκρ,(
σ¯ μν
)α˙
β˙
(σ¯μν)
ρ˙
κ˙ = 2δα˙κ˙ δρ˙β˙ − δα˙β˙ δρ˙ κ˙,
Tr
(
σμσ¯ ν
)= Tr(σ¯ μσ ν)= −2gμν,
Tr
(
σμν
)= Tr(σ¯ μν)= 0. (104)
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